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Abstract: Due to earthquakes or other earth phenomena, a landslide occurs underwater and 
thus tsunami is generated and propagates without much energy loss even at long distances. After the 
tsunami arrives at the coastline, it may cause serious casualties. The submarine landslide and the 
tsunami should be analyzed together to predict the inter-connected phenomena. In this study, we 
simulate submarine landslide using the one-dimensional conservative form of the nonlinear shallow 
water equations (NSWE) in ( ,b s ) coordinate [1]. Where b and s are the elevations of debris bottom 
and surface, respectively. The NSWE is discretized using the finite volume method employing the 
Harten-Lax-van Leer (HLL) approximate Riemann solver and the total variation diminishing (TVD) 
limiter to deal with numerical discontinuities. To simulate landslide-induced tsunami, we use the one-
dimensional form of the extended Boussinesq equations considering time-varying debris surfaces [2] 
which extends Madsen and Sorensen's extended Boussinesq equations [3]. An Adams-Bashforth-
Moulton predictor-corrector scheme is used to discretize the extended Boussinesq equations in time. 
The submarine landslide and the induced tsunami are simulated in some test cases. 

Keywords: Submarine landslide, tsunami, nonlinear shallow water equations, extended 
Boussinesq equations, numerical simulation. 

Classification code: 11.2 
Tóm tắt: Do động đất hoặc các hiện tượng địa chấn khác, sạt lở đất xuất hiện dưới đáy biển. Do 

đó, sóng thần được hình thành, lan truyền nhanh và không bị tổn hao năng lượng. Khi sóng thần lan 
truyền tới đường bờ, nó có thể gây ra thảm họa đối với đất liền. Sạt lở đất đáy biển và sóng thần cần 
được phân tích song song để có thể dự đoán những hiện tượng phức tạp của quá trình này. Trong 
nghiên cứu, nhóm tác giả mô phỏng sạt lở đất đáy biển dùng hệ phương trình phi tuyến nước nông 
một chiều dạng bảo toàn với hệ tọa độ (b, s) [1]. Trong đó b và s tương ứng là chiều cao đáy và chiều 
cao bề mặt của đáy biển sạt lở. Hệ phương trình phi tuyến nước nông được rời rạc hóa bằng phương 
pháp thể tích hữu hạn, trong đó áp dụng lời giải xấp xỉ Harten-Lax-van Leer (HLL) và công tắc 
chuyển đổi (TVD) cho thành phần thông lượng để có thể giải bài toán phương pháp số không liên tục. 
Nhằm mô phỏng sạt lở đất tạo sóng thần, nhóm đã dùng hệ phương trình Boussinesq một chiều có kể 
đến bề mặt đáy biển biến đổi theo thời gian [2]. Đây cũng chính là dạng hệ phương trình Boussinesq 
mở rộng của Madsen và Sorensen [3]. Phương pháp dự đoán - hiệu chỉnh của Adams – Bashforth - 
Moulton được dùng để rời rạc hóa hệ phương trình Boussinesq theo bước thời gian. Và sạt lở đất đáy 
biển và sóng thần được mô phỏng với một vài trường hợp cụ thể. 

Từ khóa: Sạt lở đất đáy biển, sóng thần, hệ phương trình phi tuyến nước nông, hệ phương trình 
Boussinesq mở rộng, mô phỏng số. 

Mã phân loại: 11.2 

1. Introduction 
To date, the submarine landslide-induced 

tsunami is a tremendous challenge topic for 
ocean researchers. On March 11th, 2011, 
about 18,000 people died due to the tsunami 
and earthquake in Tohoku, Japan. People 
found that the submarine landslide source 

may contribute to the tsunami which had a 
wave height of 40 m near the coastline [4]. 
Recently, due to the Anak Krakatau volcano 
collapse, a tsunami occurred and killed 
approximately 430 people in Indonesia [5].  
In Quang Nam province, Vietnam, a tsunami 
due to a subaerial-submarine landslide killed 
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one person and destroyed parts of the village 
near the Truong river on November 5th, 2017 
[6]. Comparing to the tsunami due to 
earthquakes, the tsunami due to landslides 
may cause a higher wave amplitude and a 
shorter wavelength [7]. Thus, many 
researchers make efforts to predict this inter-
connected phenomenon. 

Until now, regarding the submarine 
landslide-induced tsunami models, it can be 
divided into two approaches. One approach is 
to assume debris surface in an elliptic shape 
and consider the bottom variation in the 
Boussinesq equations [8, 9].  In reality, the 
debris surface is not elliptic-shaped and also 
changes depending on the bottom slope and 
side slopes. The other approach is to simulate 
debris flow using the NSWE and considers 
the bottom variation in the NSWE [10–12]. 
In reality, the landslide-induced tsunami has 
not only long waves but also short waves as 
which cannot be simulated accurately with 
the NSWE. 

In this study, we simulate debris flow 
using the NSWE and consider the bottom 
variation in the Boussinesq equations. Then, 
the surface of the debris can be accurately 
simulated, and also short wave components 
of the tsunami can be accurately simulated. 
Therefore, the submarine landslide is 
simulated as the debris flow (or the 
deformable landslide) using NSWE 
employing the finite volume method which 
can deal with the discontinuity in landslide 
simulation. Furthermore, the tsunami is 
simulated using Boussinesq equations which 
include the bottom variation in time and 
dispersive terms to deal with the short waves 
of submarine landslide-induced tsunami 
waves. 

2. Submarine landslide-induced 
tsunami model 

This section introduces governing 
equations in the present model: the NSWE 
for the submarine landslide model and the 
extended Boussinesq equations for the water 
wave model.  

2.1. Equations for submarine landslide 
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Figure 1. Computational domain of submarine 

landslide-induced tsunami. 
The one-dimensional conservative form 

of NSWE for landslides in (b, s) coordinates 
is given by 

( ) ( )U F U H U
t x

∂ ∂
+ =

∂ ∂
 (1) 

Where: 

( )
s

U
s b u

 
=  − 

 (2) 

2 2

( )
( ) 1( ) ( )

2

s b u
F U

s b u g s b

− 
 =  − + − 
 

 (3) 

( )

2

0 4/3

0

( )
( ) cos

H U n u u
g s b S

s b
µ θ

 
 

 =   − − −  −   

   (4) 

Where s and b are the elevations of 
debris surface and bottom, respectively, u  is 
the depth-averaged debris particle velocity in 
the x-direction. 0S ( tanb x θ= −∂ ∂ = ) is the 
bottom slope (θ  is the bottom slope angle), 
µ ( tanφ= ) and n is the effective friction 
coefficient (φ  is the internal friction angle), 
and the Manning’s roughness coefficient 
which considers the debris flow resistance. 
The variables are shown in figure 1. Because 
the ( ,b s ) coordinates are generally defined 
to use the z-axis vertically, the time-varying 
debris surface can be easily converted to the 
time-varying water depth. But, the debris 
depth which is normal to the slope is difficult 
to convert to the water depth in the water 
wave model which uses the ( ,h ζ ) 
coordinate [5], [10]. 
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2.2. Equations for a motion of tsunami 
The one-dimensional extended 

Boussinesq equations with time-varying 
bottom terms are used to simulate tsunami 
[2]: 

( ) 0hh u
t x t
ζ ζ∂ ∂ ∂

+  +  + = ∂ ∂ ∂
 (5) 
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Where u and ζ are the depth-averaged 
velocity in the x-direction and the surface 
elevation of water waves, respectively, 

( , )h x t is the water depth changing in time 
and space as shown in Figure 1, γ (=1/15) is 
the tuning parameter to extend the 
applicability of the model to deeper waters 
[2, 3, 13, 14]. If we neglect the terms /h t∂ ∂  
and ( )3 2/ / 2h h x t∂ ∂ ∂ in Eqs. (5) and (6), 
respectively, then Lee and Vu’s extended 
Boussinesq equations [2] are reduced to 
Madsen and Sorensen’s extended Boussinesq 
equations [3]. 

3. Numerical Schemes 
3.1. Numerical scheme for submarine 

landslide model 
To deal with the discontinuity problem 

which is seriously important in the submarine 
landslide simulation, the hybrid finite 
volume-finite difference scheme is applied to 
discretize the spatial derivatives of the one-
dimensional governing equations (1). The 
power finite volume scheme is applied to 
solve the numerical flux terms ( )F U and the 
finite difference scheme is applied for the 
bottom slope term in the source term ( )H U . 
The flux interfaces are computed using the 
weighted averaged flux (WAF) which 
employs the TVD limiter function to deal 
with the discontinuity problem. The limiter 
function using for all researches is the van 
Leer limiter function which is also used in 
the FUNWAVE-TVD [15]. In the star 
region, the HLL approximate Riemann solver 

is used to compute the flux interface. Other 
details in the finite volume scheme can be 
seen in [1]. To discretize the equations (1) in 
time, the explicit three-stage three-order 
Runge-Kutta [16–19] is using in this model. 

3.2. Numerical scheme for a tsunami 
model 

The one-dimensional water wave 
governing equations (5) and (6) can be 
discretized using the well-known finite 
difference method following FUNWAVE 1.0 
[20]. For time integration, a set of third-order 
Adams-Basforth predictor scheme and 
fourth-order Adams-Moulton corrector 
scheme is used. For spatial derivatives, the 
first-order terms are discretized up to 4( )O x∆  
and the higher-order terms which are 
dispersive terms are discretized up to 

2( )O x∆ [21]. Other details in the finite 
difference method can be found in [14], [22]. 

4. Model verification 
The small-scale landslide described in 

[23] is presented in this section. The 
computational domain is 4 m long, from x = -
1 m to x = 3 m as shown in figure 2. The 
water depth is 0.1 m at the upper part and 
increases to 1.6 m at the lower part of the 
domain. A sand box with dimensions of 0.65 
m x 0.65 m is installed on the steep slope of 
45o by a gate. The sand mean density is 1950 
kg/m3. After opening the gate, the sand freely 
falls down on the slope then the water 
surface fluctuates which is called as the 
tsunami. For landslide resistance properties, 
the Manning’s coefficient and the effective 
friction coefficient are taken into account of 
n = 0.56 m-1/3s and µ  =1, respectively. 

 
Figure 2.Computational domain of laboratory 

submarine landslide [23]. 
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Figure 3(a) and figure 3(b) compare 
water surface elevations of the present 
simulation results with the experimental data 
[23] at t = 0.4 s and at t = 0.8 s. 

 
(a) 

 
(b) 

Figure 3. Elevations of tsunami due to submarine 
sand landslides: (a) t = 0.4 s, (b) t = 0.8 s. 

On the whole, the present simulation 
results show good agreements with the 
experimental data. Due to very short 
wavelengths, the water surface elevations are 
very noisy. Thus, in this present verification, 
we use the smoothing technique [1] with a 
span of 33 to filter the numerical results. 

5. Model applications and discussions 
We extend model applications to a 

larger-scale, i.e., the real domain of the 
submarine landslide-induced tsunami as 
shown in figure 4.  

 
Figure 4. Computational domain  

of landslide-induced tsunami application. 

In figure 4, the upper depth is hU = 50 m 
and the lower depth is hL = 300 m. The 
debris in a triangular shape with the upper 
angle of ϕU = 20º, the lower angle of ϕL = 
70º, and the horizontal length of 210 m slides 
down on the slope of θ = 20º. For resistance 
properties, the internal friction angle of φ = 
24º and the Manning’s coefficient of n = 0.12 
m-1/3s are used in this study. Figures 5 (a) - 
(c) show numerical results of submarine 
landslide and the induced tsunami at t = 1 s, 
10 s, 50 s. In figure 5, the solid lines at the 
upper and lower parts are the tsunami and the 
submarine debris surface, respectively. And 
the dashed and dash-dotted lines are the 
bottom and the initial debris surface, 
respectively. 

 
(a) 

 
(b) 

 
(c) 

Figure 5. Elevations of submarine landslide and the 
induced tsunami at different times: (a) t=1 s, 

 (b) t = 10 s, (c) t = 50 s. 
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(a) 

 
(b) 

Figure 6. Elevations of tsunami at t = 1 s, 10 s, 50 s: 
(a) different internal friction angles 

 (---: φ = 24o, - - -: φ = 6o), 
 (b) different bottom slope angles 

 (---: θ = 20o, - - -: θ = 25o).  
Just after the landslide, water responds 

quickly with a high wave amplitude of 15 m 
(see figure 5(a)). As time goes by, two 
components are moving in opposite 
directions. One component propagating to 
the deeper region has wave amplitudes not 
varying smaller even though it moves deeper 
zone. It is because the bottom moves in the 
direction of the deeper zone which gives 
energy. The other component propagating to 
the shallower region has wave amplitudes 
smaller than the component in the deeper 
region. It is because there is no energy input 
to the shallower zone (see figures 5(b), (c)). 
For sensitivity analysis, two important 
parameters are considered in this study. That 
is, the internal friction angle decreases from 
24º to 6º (see figure 6(a)) or the bottom slope 
angle increases from 20º to 25º (see figure 
6(b)). As shown in figure 6(a), when the 
internal friction angle decreases, the debris 
resistance decreases, and thus the submarine 
landslide velocity increases, and therefore the 
wave amplitude increases, especially at the 
left-hand side of the domain due to the 

shoaling effect. Similarly, the wave 
amplitudes at the left- and right-hand side 
components are higher when the bottom 
slope angle increases as shown in Figure 
6(b). These results are physically reasonable 
and were mentioned in [22]. 

6. Conclusions 
In this study, the new submarine 

landslide-induced tsunami model is 
developed using the NSWE and the extended 
Boussinesq equations. The submarine 
landslide is simulated using the NSWE in 
( ,b s ) coordinates which are defined in the 
vertical direction, then the debris surfaces 
can be conveniently converted to the time-
varying water depths. The tsunami is 
simulated using the extended Boussinesq 
equations which include the time-varying 
water depths from the landslide simulation 
results and the dispersive terms in the 
equations consider the short waves which 
exist in the landslide-induced tsunami. The 
model is verified well with the experimental 
data. Further, the model is simulated 
successfully in the horizontally one-
dimensional domain with different internal 
frictional angles or bottom slopes to see these 
effects in the physical senses. The wave run-
up and horizontally two-dimensional models 
will be developed to be applied in real 
submarine landslide-induced tsunami 
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