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STRAIN GRADIENT ELASTICITY THEORY AND ITS
APPLICATION TO LATTICE BEAM STRUCTURES
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Abstract: This paper investigates the bending behavior of beams by considering: (1) the Euler-
Bernoulli beam model, (2) Mindlin’s strain gradient elasticity theory, (3) the von Karman strain
assumptions. The principle of virtual work is used to derive the non-linear governing equations in form
of a six-order partial differential equation. A conforming Galerkin method based on an isogeometric
approach is adopted to naturally fulfill a stringent C%continuity required by the present beam model.
Thereafter, an application to lattice frame structures illustrates the benefits of the present beam model
in saving computational costs while maintaining high accuracy as compared to standard 2D finite
element simulations
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T6m tat: Bai bao nghién ciiu ing xi cia dam co xét d@én: (1) Iy thuyét dam Euler-Bernoulli, (2) Iy
thuyér dé déc bién dang dan hoi cua Mindlins, (3) gia thuyét bién dang von Karman. Nguyén ly céng
kha di duoc sir dung dé xé&c Iap phirong trinh chii dao phi tuyén duwéi dang phwong trinh vi phdn bac
s&u. Tiép cdn Galerkin dia vao phm)’ngphap ddang hinh hoc duwroc sir dung dé ddp umg yéu cau lién tuc
nghiém ngat C? cua ly thuyér de xudt nay. Hiéu qua cua su dung ly thuyét dam cho két cdu dang lidi
thé hién qua viéc gidm chi phi tinh todn nhung van dam bdo tinh chinh xac cao théng qua so sanh véi

két qua md phong duing phan ti hai chiéu.

Tir khéa: Po dac bién dang dan hai, Iy thuyét dam, dang hinh hoc, két cau dang lieéi.

Ma phéan logi: 11.2
1. Introduction

Microbeams are nowadays the key
components in micro-and nano- electrome-
chanical systems (MEMS and NEMS,
respectively) such as microsensors and
actuators, atomic force microscopes, and so
on [1[3]. Therefore, they get extreme attention
from scientists and researchers as well. As
observed through several experimental tests
[4[6], the classical continuum mechanics
wrongly predicts and describes the static and
dynamic behavior of the small-size structures
under various mechanical conditions. For
example, a decrease in beam/rod size (e.g.,
thickness or diameter) results in an
enhancement of the torsional stiffness of a
copper wire [4], a significant increase in the
level of plastic hardening of a thin nickel
beam [6] or a remarkable increase in the
bending rigidity of an epoxy beam [5].
Therefore, it is imperative to develop the non-

classical continuum theories which consider
additional material length scale parameters
besides two Lame’s constants used in the
conventional elasticity in order to capture the
size-effect phenomenon.

Strain gradient elasticity theory pioneered
by Mindlin [8] is a well-known non-classical
continuum theory that considers higher-order
gradient terms in the strain energy density. In
the restriction of the current work, we focus
only on the strain gradient theory of form Il in
which the second derivatives of strains are
involved. Over the last fifty years, many
scientists and researchers have tried to
simplify Mindlin’s original formulation with
fewer additional material parameters as they
can, for example, the Aifantis’s strain gradient
theory [9] (ASGT) involving only one
material length scale parameter, for instance,
modified strain gradient theory (MSGT) [5]
including three material length scale
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parameters, modified couple stress theory
(MCST) [10], simplified strain gradient
theory (SSGT) [11].

Furthermore, from the point of view of
structural mechanics and experiments, the
micro-and nano- beams can exhibit large
deformations in  which the mid-plane
stretching becomes dominant, resulting in
geometrical nonlinearity [13]. Within the
nonlinear regime, the analytical approaches
only work in some simple cases of geometries,
loading, and boundary conditions as well.
Therefore, numerical  techniques are
developed for solving complex partial
differential equations. Due to the salient
features of isogeometric analysis, higher-
order continuity achieved by using B-spline
shape functions, a conforming isogeometric
CP-L-continuous discretization [15] (with order
p>3) is utilized to naturally fulfill the C2-
continuity requirement without any additional
variables.

2. Strain gradient elasticity theory

To capture the size-effect phenomenon,
Mindlin [8] considered a higher-order strain
gradient tensor &which is defined as the
derivative of the infinitesimal strain tensore,
it means &, = ¢,,;, in the strain energy density.

1
U(g,€) = Eigiigjj + ug; g + a1§iik§kjj +
3,86 T ik T ASiSi T &S S
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Whereas ai (i = 1,2,...,5) are non-
classical material parameters. With a proper
choice of length scale parameters, we can
retrieve various some of the one-parameter
beam models corresponding to ASGT,
MSGT, and MCST or SSGT [12].

3. Geometrically nonlinear
Bernoulli beam model

Let consider a prismatic beam structure
with length L, thickness h, and width b. Within

Euler-

the  Euler-Bernoulli  hypotheses  the
displacement field is defined as:
u, (X, y,2) =u(x) — yw'(x) )
u, (X, Y,z) =w(x)

Within  the wvon Karméan strain
assumption, the non-zero strain components
are defined as:

’
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Accordingly, the non-zero Cauchy and
double stresses for the beam are given as:

5
O = ngx’ z-x>o< = 22|=1al é:xxx ’

Tyxx = 2(a2 + a4)§yxx

(4)

By substituting the definitions of the
strain and stress resultants in Egs. (3) and (4)
into Eq.(1), the governing equation can be
rewritten in terms of displacements as (5).

Solving a system of the nonlinear
equation as in (5) even in the simplest case is
a non-trivial task. Therefore, we prefer
solving the problem via a weak form equation
based on the discrete formulation by using the
isogeometric finite element method [15].
Importantly, the nonlinear equation is solved
iteratively by the Newton—-Raphson scheme,
in which the interrupted condition is a
difference between two consecutive iterations
reduces below a desired error tolerance, e.g.,
0.1%. For a detailed description of the
solution procedure, one can refer to [16], [17].

4. Numerical examples
4.1 Comparision study

Let us consider a simply supported
microbeam with thickness h, length L=20h,
and width b=2h subjected to a concentrated
load Q=12 mN at the mid-span to make sure
that the beam exhibits a relatively large
deflection involving geometric nonlinearity. It
is assumed that the beam is made of epoxy
with material properties as Young’s modulus
and Poison ratio E = 1.44 GPa and v = 0.38,
respectively, and with the length scale
parameter assigned to be equal to | = 17.6
um[5. Noted that in case of MSGT, the
number of length scale parameters reduced to
one by setting lo = 1 = 12 = 1=17.6 pum. The
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beam dimension is scaled up, in which the
ratio of the thickness to the length scale
parameter h/lI changes in the range of [1, 100].
For the sake of comparison, the results of
Dadgar—Rad’s work [14] based on MSGT and
classical elasticity theories are inserted in
Table 1 beside our present solutions based on

ASGT, MSGT, MCST, SSGT, and classical
elasticity as well within IGA approximation.
As noted that, a relation of the material length
scale parameter due to particular gradient
strain theory is found out from a linear
analysis of small-scale beams as follows [12].

—EA[U"+ W]+ A(u® + 3w'w” + ww® ) = f,
L] : (5)
_EAliu'W’+EW’3:l +(E| +a2A)W(4) +a1A|:(UmW'+W’2WW+W'W"Z ):| _allw(e) _ fy
(| MCST [ ASGT |[SSGT ) _ 5_3 53(1-2v) 53 e ©
S 15"\ 30-v) "\ 30(L+V)

As seen the smallest beam (h = 1) exhibits
the largest deformation with relative
deflection w/h = 2.165. Thus, the
geometrically nonlinear effect becomes
significant and makes the beam stiffer.
Meanwhile, the largest beam (h = 100I)
reveals a very small relative deflection w/h =
0.003, indicating no geometrically nonlinear
effects. Therefore, the transverse
displacement coincides with that of linear
analysis. This indicates that the present
nonlinear finite element formulation works
very well for both linear and nonlinear
bending analysis. Interestingly, the non-
classical theories exhibit higher bending
rigidity due to the appearance of gradient
terms related to the material length scale
parameter |. However, the effect is no longer
dominant in large-scale structures (e.g., h/l =
100).

Let us continue to study the nonlinear
behavior of the simply supported microbeams

with a given dimension as the thickness of h =
17.6 mm and the slenderness of L/h = 20
subjected to a uniform distributed load with a
magnitude of q = 30N/m. Figure 1 plots the
load-displacement curves at the mid-span of
the beams for different values of length scale
parameter | scaled-down of [1, 2, 4, 8, 100]
times of the thickness h. It is observed the
linear load-displacement responses in dashed
lines are always tangent —at the origin point-
to the nonlinear load-displacement curves
drawn in solids lines. As seen, an increase in
h/l ratio essentially increases the beam
deflection. As the relative deflection to
thickness ratio becomes high (i.e., w/h>1), the
geometric nonlinearity comes to play a more
essential role through the large difference
between the linear and non-linear solutions.
Accordingly, the distributions of transverse
displacement through the beam coordinate are
plotted in figure 2.

Table 1. Normalized central deflection 10°wEI / (QL’) of a simply supported micro-beams considering
geometrically nonlinear effect under a concentrated load at mid-span Q = 12 mN.

MSGT MCST

h/l

ASGT

SSGT Classical

FEM IGA | =331 FEM

=146 I 1=19.9 | FEM IGA

1 | 22.4895| 22.4922| 32.3925| 22.5198| 17.8806

17.8823

22.4854| 25.1488| 22.4854| 39.3448| 38.1021

2 |32.5522| 32.5561| 40.932| 32.5855| 28.042

28.0454

32.5488| 34.9167| 32.5488| 45.7811| 44.9895

4 |40.6884| 40.6941| 47.0301| 40.7175| 37.0344

37.03%4

40.6883| 42.5341| 40.6883| 50.3008| 49.7575

100 | 4.7275| 4.7286| 4.7338| 4.7286| 4.7241

4.7252

4.7285| 4.7301| 4.7285| 4.77309| 4.7358
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Figure 1. The load-displacement curve of a SS microbeam.
Note that linear and nonlinear responses are plotted in dashed and solid lines, respectively.
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Figure 2. Deflection of a SS beam under uniform load g=30N/m.

4.2 Triangular lattice structures

Herein, we further apply the present beam
model relying on the strain gradient theory to
the real structure-such an elastic triangular
lattice frame with dimensions as length L=180
mm, high h = 8.66 mm (Figure 3). The frame
is constrained at two ends as a hinge and
subjected to a uniformly distributed load,
which is applied in increments of Aq = 4N/m
until reaches the final magnitude of 200 N/m.
As seen, the lattice strip can be produced
simply by replicating a unit cell or so-called an
RVE shown in figure 3 (lower) (with the

dimensions and property from cf. Table 1 in
[7]) following to x and y axes. Adopting a
homogenization scheme, the frame is
homogenized as an isotropic solid beam with
equivalent mechanical properties as Eeff
246.7 MPa, vert = 0.335, and intrinsic material
length scale parameter | = 1.57 mm (based on
SSGT). The maximum deflection is recorded
at the mid-span and plotted via each increment
loading in Figure 4. The red solid line denotes
nonlinear solutions while the red dashed line
corresponds to the linear ones obtained from
COMSOL simulation. As seen, the present
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results from 1D strain gradient beam model
revealed in a red circle and diamond markers
corresponding to linear and nonlinear regimes
are nearly stood on these red curves. It means
that the strain gradient beam model perfectly
captures the lattice frame in both linear and
nonlinear regimes of deformation.

Next, let us scale up the lattice structure
following its dimension by 1, 2, and 4 times
according to duplicate the unit cell through the
thickness some N = 2, 4, and 8 but still keep

certain  slenderness of L/h 20.7.
Consequently, the number of DoFs in
COMSOL simulation increase in N? degrees
of freedom (DoFs) resulting in more
computational cost as observed in table 2.
Meanwhile, the present strain gradient beam
model just requires 8 elements associated with
24 DoFs (as using the quartic B-spline basic
functions, q = 4) but still achieves a good
agreement with COMSOL solutions as shown
in figure 5.

Table 2. A number of DoFs and time consumption.

N COMSOL Beam model
DoFs time (s) DoFs time (s)
2 165366 258
4 651562 880 24 0.5
8 2586450 4416
symm etryl

15 1

FEEE R R

Figure 3. A haft of lattice frame in a dimension of L=90mm and h=8.66mm is produced by

replicating a unit cell 18 and 2 times according to x and y axes, respectively (upper) and (lower) the mesh of

a unit cell by COMSOL Multiphysics.
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Figure 4. Load-displacement curve of a lattice beam under uniform load

g = 200 N/m, h=8.66 mm, L=180 mm, I=1.57 mm.
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Figure 5. Load-displacement curves via N-number of unit cell duplicated through the thickness.

Linear solutions are depicted in a dashed line while the nonlinear results associated with COMSOL and
the strain gradient beam theory are revealed in solid lines and markers, respectively.

5. Conclusions

This paper studies the nonlinear bending
of the E-B beam within Mindlin's strain
gradient elasticity theory of form 11, which can
retrieve some simplified one-parameter strain
gradient theories: MSGT, ASGT, MCST, and
SSGT. It is concluded that the results are
different based on using different simplified
theories. By choosing the length scale
parameter following Eq. (6), we can maintain
almost identical results between them. Also,
this relationship works well for both linear and
nonlinear regimes of  deformation.
Furthermore, the geometrical nonlinearity and
size effects enable a reduction of the
deflection of the beams compared to the
classical theory, especially as the material
length scale parameter becomes compatible
with the beam thickness. However, the
nonlinear effect is established from the von
Karman strain assumptions limited to a small
or moderate rotation of the cross-section (not
exceed 15°). Generally, large deformation of
strain gradient elastic beam will be carried out
for further worksd
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