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Tom tit:

Trong bai bao nay, tac gia xac dinh loi giai giai tich cho séng don sir dung phwong trinh Boussinesq mé rong
ciia Madsen va Sgrensen. Loi giai giai tich duoc xac dinh qua qua trinh bién doi toan hoc khi ap dung ham thé
van toc cho phuong trinh Boussinesq ban dau. Két qua cua 1oi giai séng don 1a cdng thirc tinh cao do mat nudce
va van téc hat nude theo phuong ngang. Loi giai nay duoc st dung nhu diéu kién ban dau dé md phong song
don hoic song than trong cac mé hinh sb. Song don 1a mét loai song ¢6 dic trung vat Iy rat quan trong trong
tu nhién va co dic trung riéng vi nd ¢é thé duy tri dwoc hinh dang va chiéu cao song khi di chuyén trén quang
duong dai. Loi giai giai tich trong nghién ciru nay duoc kiém chang véi cac 10i giai giai tich khac va cho thay
d6 chinh xac cua 10i giai. Két qua tir nghién ciu nay sé giup hiéu rd hon vé dong luc hoc séng don va cung
cap thém mat cdng cu hitu ich trong viéc mé phong song khi sir dung phuong trinh Boussinesq cua Madsen
va Sgrensen.

Tir khoa: Loi giai giai tich; Song don; S6ng than; Phuong trinh Boussinesq mé rong cua Madsen va Sgrensen.

Abstract:

In this paper, the author introduces an analytical solution for the solitary wave using the extended Boussinesq
equations developed by Madsen and Sgrensen in 1992. The solution is derived using a mathematical method,
where the potential velocity is applied to the Boussinesq equations, resulting in analytical solutions for water
surface elevation and horizontal particle velocity. The analytical solution is applied as an initial condition for
the simulation of tsunami or solitary waves. The solitary wave is a crucial physical feature of many natural
systems, such as ocean waves, and is characterized as a wave that retains its shape and height as it travels over
long distances. To validate the proposed solution, the author compares the numerical results of the derived
analytical solution with those of other solutions and finds a high degree of accuracy. The findings of this study
contribute to a better understanding of the dynamics of solitary waves and provide a useful tool for the
numerical simulation of water waves using the extended Boussinesq equations of Madsen and Sgrensen.

Keywords: Analytical solution; Solitary wave; Tsunami; Extended Boussinesq equations of Madsen and
Sgrensen.

1. Giéi thi¢u nudc thong thuong khac. Trong nghién ctru [1], cac
tac gia cho thiy song don xuit hién kha thuong
Xuyén & viing bién nudc ndng va khu vuc co day
bién phang. Cac diéu kién tu nhién nay kha gidng
véi ving bién khu vuc Bong bang sdng Ciru Long
[2]. Tuy nhién chwa c6 nhiéu nghién ciu hoic bao
c4o lién quan téi su hinh thanh va phat trién song

Soéng don 1a mét loai song dac biét boi hinh dang va
dac trung vat ly cua nd. Nhu quan sat anh chup thuc
té trén hinh 1, day 1a loai song rat dai (thuong la
chiéu dai khdng xac dinh) va khong cé chu ky. Dic
trung nay khac biét hoan toan vai cac dang song
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don & ving bién nay. Mot thi nghiém tir mé hinh
vat Iy cho thdy séng don c6 thé lan truyén di khoang
cach rat xa véi toe do truyén song va hinh dang song
gan nhu khong thay ddi trén day phang [3]. Thi
nghiém nay con cho thy van téc truyén song phu
thudc vao chiéu cao song.

Hinh 1. Hinh chyp thyc té séng don trén bién. (b)
chup tai Mexico ngay 6 thang 01 nam 2010; (c) chup
tai California ngay 3 thang 5 nam 2012 [1].

Do hinh dang va dic trung cta soéng don kha giéng
Vi song than nén nd duoc sir dung nhiéu trong viéc
mb phong su phét trién caa song than ciing nhu
trong tac gitra song than véi cac cong trinh ven bién
[4]-[6]. Cho [4] da dung song don dé xac dinh sy
bién dbi chiéu cao song than khi song tran 1én mot
hon d4o gan bo. Silva [5] da phat trién md hinh sb
va str dung thi nghiém bang mé hinh vat Iy dé mo
phong soéng don turong tac vai cac cong trinh bao vé
bo bién, trong khi ¢6 Dominguez [6] da sir dung
song don dé xac dinh tai trong song tac dung Ién
cong trinh bao vé cang va xac dinh song leo trén bai
bién. Song don ciing thuong duoc sir dung dé danh
gia hiéu qua giam song caa cac cong trinh bao vé
bo dang két cau rdng [7]-[9] hoic dé danh gia do on
dinh cia mé hinh s6 [10]-[12].

Do séng don la séng phi tuyén, khdng co chu ky
giéng nhu cac loai song nudc khac nén dé mo
phong can tim duoc diéu kién ban dau ciia song don
phu hop véi ting loai moé hinh mé phong song.
Trong mo phong song don lan truyén tai viing nudc
ndng st dung phuong trinh phi tuyén nuéc ndng,
Wang [13] da dung loi giai giai tich cho séng don ¢
viing nudc ndng. Khi md phong séng bang mé hinh
Boussinesq cua Nwogu, Wei va Kirby [11] cling da
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tim loi giai giai tich cho song don véi mé hinh nay.
Trong nghién ctu nay, tac gia dé xuat 1oi giai giai
tich cho song don dbi véi cac mé hinh s st dung
phuong trinh Boussinesq ctia Madsen va Sgrensen.
2. Lo giai giai tich cho séng don
Dé xac dinh duoc 16 giai giai tich cho séng don
[14], trudc hét tac gia bién ddi phuong trinh
Boussinesq co ban (phwong trinh mé ta séng truyén
trong ving nuéc ndng, co bién la cao do mat nudc
va thanh phan van tc) thanh phuong trinh vi phan
thuong ¢ bién la ham thé van téc. Pay 1a dang
phuong trinh vi phan bac 4. Tt phuong trinh nay c6
thé xac dinh duoc cac bién can tim la cao do mat
nudc (&) va van toc hat nudce theo phuong ngang
(u). Cac gia tri nay duoc sir dung nhu diéu kién ban
dau dé md phong song don. Trong bai bao nay, tac
gia ap dung theo phuong phéap dugc mo ta & trén dé
tim loi giai giai tich cho song don str dung phuong
trinh Boussinesg mo rong cua Madsen va Sgrensen
[15]. Phuong trinh Boussinesq ma& rong cua
Madsen va Serensen dugc viét lai duéi dang khong
thir nguyén trong khong gian mét chiéu nhu sau:
o,

0
+&—(Su)=0 1
PP CL) @)
ou oc o, 1) du
a xS MU e
2 2
2
iy =2 =0
v

Trong d6, ¢ la cao d6 mat nudc, u van toc hat
nudc theo phuong ngang, & (=a/h) la thong sé
thé hién tinh phi tuyén cua song, 1 (=h/L) la
thong sé thé hién tinh phan tan cua song, a la
biéndd song, h 1a d6 sau nude, L 14 chiéu dai song,
7 (=1/15) la hé sb hiéu chinh mé hinh. Cac bién
trong phuong trinh (1) va (2) déu la bién khong thir
nguyén. Trong cac budc tinh toan tiép theo, ham thé
van téc @ (u=ad/ox=®d") duoc sir dung thay
cho thanh phan van téc hat nudc theo phuong ngang
u . Khi d6 phuong trinh (1) va (2) tro thanh:
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f( 2] ()5
2 3 ) ox’ot
(4)
—,U 7/ 8
Thay phuong trinh (4) vao phuong trinh (3) ta duoc
Op o0, 0DOP 0P P
x> ot? ox oxet ot ox? 5)
1 2 ad) 2 2 4
=0(¢&%, eu”,
*3# o =Ole ek i)

Néu ta dung pha dugc dinh nghia & = x—Ct (voi
C lavantdc phasong, s& dugc xac dinh & phan sau)
thi khi d6 phuong trinh (5) c6 dang
(1-C*)o"+3:Co' "+%y202@ "=0 (6)
Céc dau nhay (') va (") trong phuong trinh (6) ciing
nhu trong cac phuong trinh sau tuong ung la cac
dao ham bac 1 va bac 2. Tich phan phuong trinh (6)
cho ta phuong trinh (7) nhu sau:
(1—02)@4250(@')2 +%y2CZCD": J, (7
Vi J, lahang sé tich phan. Phuong trinh (7) dugc
nhan véi (22" va sau do6 tich phan thém mat Ian,
ta duoc:
(1-C*)(@") +eC (@)
=2J,@'+1],
Vi J, la hang s tich phan. Cac hang sb tich phan
J, J, biang 0 do
Q'=@"=@" =0 khi || > 0. Loi giai giai tich
cua thanh phan dao ham bac 1 caa ham thé van tc
o dang sau:

+l,u2C

FH TP g

va cac dao ham

@' = Asech® (K¢&) ©9)

Thay phuong trinh (9) vao phuong trinh (8) ta duoc
cacgiatri A va K nhu sau:

2 R
A= CgC ! (10)
2 \¥2
e w

Thay phuong trinh (9) vao phuong trinh (4) dong
thoi sirdung A va K trong hai phuong trinh (10)
va (11) ta dugc phuong trinh duong mat nuoc:
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= Asech’ (K&)+Asech’ (KE)  (12)
Trong 6 A va A, la cac hé sé duoc cho boi:
N (c —12)[1—3y(zc -1)] )
g[c ~3y(C —1)]
. (c*-1) [2¢* +3y(C?-1)] )

2¢[ C*-12y(C*-1) ][ C*-3y(C*-1)
Thanh phan van téc pha C dugc xac dinh khi st
dung diéu kién bién (£=0,¢ =1) trong phuong
trinh (12):

(2-3y+727°)(C?)

[2(1+6)+3(7-10¢)y +72(3+¢) 7 |(C?)
+[3(17-10¢) y +72(3+¢) | C*

~[277+72(1+¢) " ] =0
Trong vung nudce ndng, ¥ = 0, tir phuong trinh (15)

c6 thé tim duoc van tic lan truyén songC =1+ &
. Pay chinh la cong thirc tinh van toc song nudc
nong trong mo hinh cta Peregrine [16]. Nhu vay,
i giai giai tich cho song don dugc thé hién qua cao
d6 mat nuoc va thanh phan van téc hat nudc theo
phuong ngang:
¢ = Asech’[K (x—Ct)]+ Asech’ [K (x—Ct)] (16)
u = Asech’[ K (x—Ct)] (17)
Vi cac hé s khong thir nguyén duoc cho trong cac
cong thuc (10), (11), (13) va (14). Dudi dang thi
nguyén, cac hé sb nay lan luot duoc cho bai cac
cbng thrc sau:

(15)

C?—gh

A== (18)
1(3C?—gh
PR

2_ h _ 2_
gh[cz—sy(cz—gh)]
. (c*—gh) [2c” +3y(c” - gh)]n
A= 2gh[C* —12y (" —gh)][c” -3y (" —gh)] @)
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3. Kiém ching 191 giai giai tich

Két qua tir 101 giai giai tich trong nghién cau nay
duoc so sanh vai loi giai cho song don cua Wang
[13] ciing nhu Wei va Kirby [11]. Cao d§ mat nudc
va ham thé van téc trong nghién ctu cia Wang
duoc thé hién qua phuong trinh:

&
= [sech?k(x—ct—
S 1+g[sec (x—ct—x,)

+esech’k (x—ct—x, ) |

(22)

By

Vi k = 38/4/(1+8) vac=+1l+¢.

(% 5) tanhk (x—ct—x,)  (23)

Can luu ¥ 1 101 giai giai tich trén day dugc dua
trén phuong trinh Boussinesq nuc ndng. Trong khi
do, Wei va Kirby [11] phat trién 1oi giai giai tich cho
song don dua trén phuong trinh Boussinesq mo
rong caa Nwogu [17], mot dang phuong trinh ¢6 the
m6 phong séng & ving nudc chuyén tiép. Cao do
mat nudc va thanh phan van tée theo phuong ngang
trong loi giai cua Wei va Kirby:
$ux = Ejsech’F (x—Ct) + E,sech*F (x—Ct)

Uy = Esech’F (x—Ct)

(24)
(25)
Cachésd E, E, E, va F dugc dinh nghia trong
cac cong thuc sau:
Cc’-1
eC

E =

E_ c?-1
! 38[((Z+1/3)—0{C2}

(C*-1) (a+1/3)+2aC?
2¢C* (a+1/3)-aC?
1 c?-1

12
F{ZﬂZ[(a+1/3)—ac2]}

Vi o la hé s hiéu chinh md hinh [17].

E,

3.1. Mt mat niing lwong cia séng don theo
quing dwong di chuyén

Mot trong nhiing dac trung co ban cua song don 1a
né co thé di chuyén trén quang duong dai, ning
lwong bi ton that rét it. Dé kiém tra dic trung co ban
nay cua song don, séng duoc md phong truyén di
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mét quéng dudng bang 900 Ian d6 sau nudc (d6 sau
nuée h=0.3 m), d6 phi tuyén cua soéng don & muac
trung binh (& = 0.3). Hinh 2 cho két qua so sanh ba
lo1 giai giai tich dugc gidi thigu trong nghién cau
nay. Co thé nhan thay cac 1oi giai déu cho két qua
kha tot vai tir hai 16i giai dau véi két qua kha trong
ddng véi sai sé dudi 2%, trong khi do, 1oi giai trong
nghién ctiu nay cho két qua dudi 0.5%. Chiéu cao
song don ting nhe do tinh phi tuyén ctia séng nhung
sau d6 duy tri 6n dinh suét quang duong di chuyén,
didu d6 ching to nang lwong song bi ton that rét it
trong qua trinh lan truyén.

1.05 " y T - r T

:GLTWKQ;LWQM‘K@%'M@Mi
S —_
~—

aur | i

0.95 I 1 1 l 1 1 | 1 1
0 300 600
x/h

Hinh 2. Ton that nang luong song don
trén quang duong di chuyén.
Khoanh tron: loi giai giai tich caa [11]; tam giac: 16i
giai giai tich cua [13]; duong nét lién: 16i giai giai
tich trong nghién ctu nay.
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3.2. On dinh cia séng don theo thoi gian di
chuyén

Néu ning luong khdng bi anh huong theo khoang
cach di chuyén ma hinh dang va téc d6 cia song
don thay ddi thi no chua dugc xem la séng 6n dinh
khi truyén trén day phang. Vé mat ly thuyét néu
song truyén trén day phang, khéng co bién déi dia
hinh, nang lwong song, hinh dang va tdc do truyén
song khong doi.

Trong phan nay, tac gia so sanh hinh dang ciia
song don ¢ 2 thoi diém khac nhau (t =40 s va
t =160 s) cho ca ba loi giai vai hai treong hop do
phi tuyén cua song khac nhau (& =0.1 va £ =0.3).
Song don tai ting thoi diém duogc dich chuyén mot
luong Ct,véi C lavan tc pha song duoc xac dinh
tir cong thac (15) va ¢ 1a thoi gian di chuyén. Néu
khong c6 su bién doi vé niang luong, hinh dang va
tdc do truyén song thi hinh dang séng tai cac thoi
diém khac nhau s& gidng nhau va trang nhau.
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Hinh 3 cho két qua md phong séng don kha
twong dong gitra cac 10i giai & hai thoi diém khac
nhau. Trudng hop nay séng don c6 do phi tuyén yéu

(¢=0.1).
04 — 1 r 1 1 1 1 1.7 — 1 T T
[ | —t=40s
031 ‘ ---t=160
<02} i .
CU -
0.1F ) -
0- L - .’I I ‘ n l‘.. L
S5 4 32 -1 01 2 3 45
x-Ct (m)
(a) Wang
0.4 T T T T T T T T T T T T T
i | —t=40s
031 ‘ —--t=1605
<02} | .
m F
0.1F .
0- " 1 L 1 n 1 " ‘ 1 1 " 1 L L n
S5 4 3 210 1 2 3 45
x-Ct (m)
(b) Wei & Kirby
04 —7f1 1 r 1111117
[ ! —t=40s |
03T | ---1=160§
<02t | ]
Cﬁ -
0.1+ .
0. L 1 Il 1 1 L I " 1 L Il 1
S5 432101 2 3 4 5
x-Ct (m)

(c) Nghién ctru hién tai
Hinh 3. Su léch pha song don khi di chuyén thoi
gian dai (do phi tuyén nho, € =0.1).

Vi @6 phi tuyén cia song ting (& =0.3), hinh 4
cho ta thay cac loi giai giai tich déu c6 su sai khac
nhat dinh khi hinh dang séng déu bi léch so véi vi
tri ban dau (tc do truyén song déu cham) du 1oi giai
trong nghién ciu nay cho két qua phu hop nhit.
Piéu nay c6 thé duoc giai thich khi hai 1oi giai ban
dau khéng ap dung cho md hinh Boussinesq mo
rong cua Madsen va Sgrensen. Do do, viéc su dung
dung diéu kién bién ban dau pha hop véi md hinh
s6 la rat quan trong.
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(c) Nghién ctru hién tai
Hinh 4. Su léch pha soéng don khi di chuyén thoi
gian dai (d6 phi tuyén lon, &€ =0.3).

5 -4 03

Hinh 5 cho thay céi nhin truc quan hon giita két qua
cua cac loi giai giai tich tai thoi diém t =160s. R
rang khi do phi tuyén song yéu, két qua kha chinh
xac giita cac loi giai nhung khi d6 phi tuyén song
tang 1én s€ o su khac biét gitra cac loi giai.

04 T T T T T T T T T T T T T T T T T T T
L | — -+ Wang(1993)
03 t=160s - - = Wei & Kirby (1995) |
' I | present research
= ‘
\D 0.2 B ‘ 1
Cﬁ -
0.1 , .
=i, | —— IS L 1 L J i 1 L L —l "
S 04 3 2 -1 0 1 2 3 4 5
x-Ct (m)

(a) Po phi tuyén nho (¢ =0.1)
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0.4 — T T T T T - T T T T T T
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03F t=160s - - = Wei & Kirby (1995) |
' | — present research
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(b)Do phi tuyén Ién (¢ =0.3)
Hinh 5. Sy 1éch pha song don véi cac loi giai
giai tich khac nhau.

3.3. Anh hwéng cia dd sdu nwéc téi lan truyeén
song don
Tir cac két qua trén c6 thé thay néu sir dung 16i giai
giai tich cho song don trong nghién cuu nay lam
diéu kién ban dau khi md phong song ap dung md
hinh [15] s& cho két qua phu hop.

0.4 T T T T T T T T T T

" At=160s, kh=0.057
- = t=160s, kh=0.7r |
— t=40s, kh=0.057 |

O Ot=40s, kh=0.7n

0.3

x-Ct (m)
Hinh 6. So sanh pha va hinh dang séng don ¢ ving
nudc ndng va vung nudc Sau.

Pé danh gia anh huong cia do sau nudc dén lan
truyén song don, tac gia sir dung 1oi giai giai tich
trong nghién ciu nay dé md phong séng don ¢ viing
nuéc nong ( kh=0.057 ) va ving nudc Sau
(kh=0.77 ) cho trwong hop do phi tuyén Ién
(¢ =0.3). Két qua so sanh trén hinh 6 cho thay chi
c6 sy khac biét vé pha song ¢ thoi gian truyén song
nhu da phéan tich & trén, khéng cé su khac biét ¢ hai
ving nude. Nhu vy, ¢6 thé thiy do sau nuéc khong
anh huong dén két qua mod phong song don.

4. Két luan

Bai bao da giai thiéu loi giai giai tich cho song don
s dung phuong trinh Boussinesq mé rong cua
Madsen va Sgrensen [15]. Loi giai trong nghién ctru
nay di duoc kiém ching véi cac 1oi giai giai tich
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khac va cho thay su phu hop. Nang luong song
duoc bao toan, van téc truyén song 6n dinh va 1oi
giai khdng co6 su khac biét gitra cac ving nudc khac
nhau. Loi giai nay ciing dac biét chinh xac hon néu
ap dung cho mé hinh sé sir dung phuong trinh
Boussinesqg mo rong cua Madsen va Sgrensen. Loi
giai ¢ thé str dung lam diéu kién ban dau khi mo
phong song don, song than lan truyén va twong tac
VGi cac cong trinh ven bién.
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